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Abstract 

We consider the generalized Korteweg-de Vries equation 

dtu + d,{dlu + fiu))^0, it,x)e[0,T)xR (0.1) 

with general nonlinearity /. Under an explicit condition on / and c > 0, there exists 
a solution in the energy space of (|0.1|) of the type u{t,x) = Qc{x — xq — ct), called 
soliton. Stability theory for Qc is well-known. 

In [TT], [13], we have proved that for f{u) = u^, p = 2,3,4, the family of solitons is 
asymptotically stable in some local sense in H^, i.e. if u{t) is close to Qc (for all < > 0), 
then u{t, . + p(t)) locally converges in the energy space to some Qc+ as i — > +00, for 
some ^ c. The main improvement in [14| is a direct proof, based on a localized Viriel 
identity on the solution u(t). As a consequence, we have obtained an integral estimate on 
u(t, . + p{t)) — Qc+ as t ^ +00. 

In [S] and [T5], using the indirect approach of PJ], we could extend the asymptotic 
stability result under general assumptions on / and Qc- However, without Viriel argument 
directly on the solution u(t), no integral estimate is available in that case. 

The objective of this paper is twofold. 

The main objective is to prove that in the case f{u) — u^, p — 2, 3, 4, p{t) — c+t has 
limit as t — *■ -|-c» under the additional assumption x+u G L^(]R), which is consistent with 
a counterexample in [14] . This result persists for general nonlinearity if a Virial type 
estimate is assumed. The main motivation for this type of result is the determination of 
explicit shifts due to collision of two solitons in the nonintegrable case p = 4, see |16) . 

The second objective of this paper is to provide large time stability and asymptotic 
stability results for two soliton solutions for the case of general nonlinearity /(u), when the 
ratio of the speeds of the solitons is small. The motivation is to accompany the two papers 
[in], [TT], devoted to collisions of two solitons in the nonintegrable case. The arguments 
are refinements of [22], [18] specialized to the case u{t) ^ + Qc2: for < C2 ^ ci. 



*This research was supported in part by the Agence Nationale de la Recherche (ANR ONDENONLIN). 
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1 Introduction 

We consider the generalized Korteweg-de Vries (gKdV) equations: 

dtu + d^{d^^u + f{u)) = 0, {t,x)e[0,T)xR, (1.1) 
for ii(0) = uq £ H^{M.), with a general nonlinearity /. We assume that 

fiin) 



for p = 2, 3 or 4, f{u) = + fi{u) where lim 

ji— >o 



0. (1.2) 



Denote F{s) = f{s')ds' . Note that for (jl.ip . one can solve the Cauchy locally in time in 
H^, using the arguments of Kenig, Ponce and Vega [5j (using the norms given for f{u) = 
in H^). Moreover, the following conservation laws holds for solutions: 

u\t) = J ul E{u{t)) = \j {dMt)f - J F{uit)) = \j (d^uof - J Fiuo). 
Recall that if Qc is a solution of 

Qc+fiQc) = cQc, x£R, Qc€H\R), (1.3) 

then Rc^xo{t,x) = Qc{x — xq — ct) is solution of (jl.ip . We call soliton such nontrivial traveling 
wave solution of (jl.ip . 

By well-known results on equation (|1.3p (see [1], [IS]), there exists c*(/) > such that 

c*(/) = sup{c > such that Vc' G (0, c), 3 Qc' positive solution of ()1.3p }. 



Note that for f{u) = vP , c.t{vP) = +oo and for all c > 0, Qc{x) = cp-^ Q{y/cx), where 

Q{x) = Qi{x) = ^2Y^cosh~^(^^ ^)^^ ^ ■ Recall that if a solution Qc > of (|1.3p exists then 
Qc is the unique (up to translation) positive solution of (|1.3p and can be chosen even on R 
and decreasing on M^. 

From Weinstein [22\, the soliton Qc is orbitally stable if 

^ I Qlix)dx^^,^^ > 0. (1.4) 

Concerning asymptotic stability, we have proved in [15] the following general result 

Asymptotic stability ( |15j . [T4] . [ll| ) Assume that f is and satisfies (jl.2p . Let < 

Co < c^{f)- There exists oq > such that if u{t) is a global {t > 0) solution of (fTT]) 
satisfying 

yt>0, mi\\u{t)-Qco{.-r)\\H^ <ao, (1.5) 

then the following hold. 

1. Asymptotic stability in the energy space. There exist t ^ c{t) G (0, c^{f)), 1 1— > p{t) G M 
such that 

u{t)-Qc{i){-- p{t)) in H^{x > ^) as t ^ +00. (1.6) 
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2. Convergence of the scaling parameter. Assume further that there exists fio > such that 
J Ql is not constant in any interval I C [cq — ctqi cq + do]. Then, by possibly taking 
a smaller oq > 0, there exits c"*" G (0, c^<(/)) such that c{t) ^ c+ as t ^ +oo. Moreover, 
p'{t) ^ c+ as t ^ +00. 

Recall that the main improvement in with respect to [11] is a direct proof, based on a 
localized Viriel etimate on the solution u{t), see Claim IB^ in the present paper for a similar 
result. As a consequence, we have obtained the following estimate: there exists K > such 
that 

{u{t,x) - Q^(^t){x - p(t)))2e-'^l^-''Wldx(it < Kal (1.7) 



+ 00 





A Viriel identity was proved in the case f{u) = for p = 2,3,4 see Proposition 6 in [llj, 
and used under a localized form in [14] (see also the case p = 5 in [10]). In contrast, the 
proof of asymptotic stability in [9], [15] is for general /(m), but it is indirect, following the 
original approach of p.Tj . Thus, in this case, it is not known whether ()1.7p holds. See further 
comments on this result in 1151. 



1.1 Refined asymptotics for power nonlinearities 

Our main objective in this paper is to refine the convergence result for the power case, i.e. 
f{u) = vP with p = 2, 3 and 4 concerning the behavior of pit) as t — > +oo. In fact, the only 
requirement is that (jl.7p holds, in particular, a virial type estimate around Qc is sufficient. 
A typical result in this direction is the following. 

Theorem 1 Assume f{u) = , for p = 2, 3 or 4. Let cq > 0. There exists oq > such that 
if u{t) is an solution of (jl.ip satisfying 

inf ||ii(0, . + r) — Qco ll_f/i < Q^O) / x^u^(0, 3;)dx < +oo, (1-8) 
'■GK Jx>0 

then there exists c'*' > and x"*" € M such that 

lim c{t) = c+, lim p{t) - c^t = x+, (1.9) 

where c{t) and p{t) are defined as in (II. Gh . 

Recall that Pego and Weinstein [21] and Mizumachi [2D] also obtained results of asymptotic 
stability in weighted spaces, where convergence of p{t) — t is proved. The results [21] and [20] 
depend on a spectral assumption which is proved only for p = 2,3. Moreover, in [21], the 
initial data has to belong to an exponential weigthed space. This condition has been relaxed 
in [20], where the assumption is JxyO''^'^^^'^ ^ +oo. 

We point out two main motivations for this kind of results: 
• First, in [14J, we gave the following counterexample: 

For any a > 0, there exists an solution u{t) of the KdV equation i.e. with f{u) = , 

such that supjgjg \\u{t) — Q{x — p{t))\\[ji < a, and for some k > 0, p{t), 

lim \\u{t) -Q{x- p{t))\\Hi[x>t/2) = ^. lim ^I^^-tt^ = ^- 

t^+oo \ - I J t^+oo y/log(f) 
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The initial data used in this construction contains a series of small solitons, which con- 
verges in but not in Lp'{x'^dx). This proves that the convergence of p{t) — t as t — > +00 is 
not true in general and requires some additional decay on the solution. In this respect, the 
assumption J x^v? < +00 in Theorem [1] seems rather weak and improve the results in [21] 
and |2Uj . When looking for an condition independent of p for p.l|) . we think that f x'^v? is 
optimal. Indeed, it seems that the relevant quantity is the norm, see [16], where it proved 
that during the collision of two solitons, the shifts on the trajectories are related to norms. 

Thus, the natural question left open by Theorem [1] is whether assuming /^.^q \u\ < +00 
is sufficient to obtain convergence of p{t) — c^t. This might require a much more refined 
analysis. 

• A second motivation for estimating p{t) — c^t as i ^ 00 appears in the context of two 
soliton collisions. In a paper [16] concerning the collision of two solitons of different sizes for 
the gKdV equation (jl.ip with f{u) = u^, we were able to compute the shift on the trajectories 
of the solitons resulting from their collision. The explicit shift is obtained for a fixed time T, 
long after the collision. The proof of Theorem [1] allows us to quantify the variation of this 
shift due to long time i.e. for t > T. 

We also point out that the proof of Theorem [1] relies on several refinements of the proof 
of the asymptotic stability in pjj, and is independent from the methods in ^21], [20j. Let 
r]{t,x) = u{t,x) — Qc{t){x — pit))- Observe that the standard estimate 



and ()1.7p do not give any conclusion 

We proceed as follows. First, we improve the monotonicity arguments on u{t) used in 
[llj . [TSj and [14j. The improvement is to prove monotonicity results on r](t), which are 
much more precise (see Claim IB.Sp . This argument allows us to prove that (jl.7p implies 
Io~°^ |c(t) — c'^\dt < +00. Second, the control of f(^°°{p'{t) — c{t))dt is obtained through the 
equation of ?7(t), by noting that at the first order p'{t) — c{t) is the derivative of some bounded 
function of t. Note that we do not prove /g^°° |p'(0 ~ c{t)\dt < +00. 

1.2 Large time behavior in the two sohton case 

A second objective of this paper is to provide asymptotic analysis in large time related to two 
soliton solutions of (II. ip . 

From [8] (see also [18j), there exist solutions u{t,x) of (jl.ip which are asymptotic A^- 
soliton solutions at t ^ —00 in the following sense: let N > 1, ci > . . . > > 0, and 
xi, . . . ,xn G R, there exists a unique solution U of such that 



lim 



N 

u{t)-Y.Q'^A--^j-^jt)\^,,^, = ^- (1-10) 



The behavior displayed by these solutions is stable in some sense. Considering for example 
the case of two solitons, there exist a large class of solutions such that as t ~ —00, 

u{t,x) = Qcj^{x-xi-cit) + Qc2{x-X2-C2t) + r]{t,x), (1-11) 
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where ci > C2 and r]{t) is a dispersion term small in the energy space with respect to 
Qci ) Qc2 (see [18] ) . From the Physics point of view, the two solitons Qd and Qc2 have collide 
at some time Iq. In the special case C2 <C ci (or equivalently, ||Qc2ll_ffi ^ IIQciIIhO ^^'^ 
1 1^(^)1 1 //I IIQc2 ll_ffi ) for ^ close to — oo, we have introduced in [16] explicit computations 
allowing to understand the collision at the main orders, using a new nonlinear "basis" to write 
and compute an approximate solution v{t,x) up to any order of size. 

Recall that the problem of collision of two solitons is a classical question in nonlinear 
wave propagation. In the so-called integrable cases (i.e. /(n) = and /(n) = u^) it is well- 
known that there exist explicit multi-soliton solutions, describing the elastic collision of several 
solitons (see Hirota [3], Lax [6] and the review paper Miura [H]). Note that in experiments, or 
numerically for more accurate nonintegrable models (see Craig et al. [2], Li and Sattinger [7] 
and other references in [E]), this remarkable property is mainly preserved, i.e. the collision 
of two solitons is almost elastic, however, a (very small) residual part is observed after the 
collision. Equation (jl.ip being not integrable (unless f{u) = v? and /(u) = u^), explicit iV- 
soliton solutions are not available in this case. The results obtained in [T6| and [17| . using the 
present paper, are the first rigorous results concerning inelastic (but almost elastic) collision 
in a nonintegrable situation. We refer to the introduction and the references in [16] for an 
overview on these questions. 

In [T6| and [T7], the approximate solution is adapted to treat a large but fixed time 
interval around the collision region, but not the large time asymptotics (see for example 
Proposition 3.1 in pS])- In Proposition [2] below, we give stability and asymptotic stability 
results required to control the asymptotics in large time of the solutions constructed in [16] 
and [17] . In particular, we need a sharp stability result in the case where one soliton is small 
with respect of the other. We claim the following. 

Proposition 2 Assume that f is and satisfies (II. 2|) forp = 2, 3 or 4. Let < C2 < ci < c^, 
be such that (jl.4p holds for ci, C2- Let < ci < c*(/) he such that ()1.4p holds. There exist 
co(ci) and Kq{ci) > 0, continuous in ci such that for any < C2 < co(ci) and for any a; > 0, 

3 _1 J_ 

the following hold. Let Tc-i^c2 = (^) ^ . Let u{t) be an solution of (II. ip such that 
for some ti G M and ^Tc^^c2 ^ -^0 ^ |^ci,c2; 



Then, there exist C functions pi< 
1. Stability of the two solitons. 




(1.12) 



sup \\u{t) - (3ci(- - Pl{t)) - Qc2{- - P2{t))\\m < KC2 




(1.13) 



t>tl 



yt > ti, \ci < {pi-p2)'{t) < fci, 

\pi{tl)\ < ifC2^^^^ \p2{tl) - Xo\ < Kc%. 



(1.14) 



2. Asymptotic stability. There exist C]^,C2 > such that 




t, = 0. 



(1.15) 



(1.16) 
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Remark. The time Tc^^c2 corresponds to a time long after the colhsion of the two sohtons (see 
US]). In ^TJ2\f . since Xo > 2^ci,c2) the two sohtons are decoupled for any t > ti. 

Proposition [2] follows directly from known arguments in Weinstein [22], and in [18j . |15j . 
The only new point is the fact that one soliton is small with respect to the other. However, 
these statements are essential in [16j and |17) . In those works, the point is to show that even 
in a nonintegrable situation, the two soliton structure is preserved by collision. The method in 
[IS]) [E] concerns the collision problem in [— ^£^^£2) ^ci,c2]- To obtain global in time results, it 
is essential to prove the global in time stability of the two soliton structure after the collision, 
i.e. for t > Tc^^c2-, which is provided by Proposition [2j Proposition [2] is directly applied in 
|17j . A slightly more precise stability result is required in [16], see Proposition [5] in Section 2. 

Now, we claim an extension of Theorem 1 to the case of two solitons, with a qualitative 
control on limt^_|_oo p{t) - c+t. 

Theorem 3 Under the assumptions of Proposition \^ assume further that f{u) = , for 
p = 2,3 or 4 and f^^^x^ u'^{0, x)dx < +oo. Then, there exist xf and such that 

lim pi{t) — eft = xf , lim p2{t) — c^t = X2 ■ (1T7) 

t — >+oo t — »4-oo 

In the case p = 4, if in addition, for some k > 0, 

If 5 

Q < Kc| and / x^ u^{ti,x)dx < KC2 (1-18) 

then 

\xt - Pim < Kcl, \x+ - p2m < Kef. (1.19) 

The main motivation of Theorem [3] is the following: in [16], in the same context as before, 
we were able to compute the main order of the shift on the trajectories of the solitons due 
to the collision at time t = ^C2 • Theorem [3] proves that the shifts do change at the main 
order in large time (for example, at the main order, the shift of Q2 is a nonzero constant 
independent of C2, so that it is preserved by (jl.lOp l. See proof of Theorem 1.2 in ^16j for 
details. 

The plan of the paper is as follows. In Section 2, we prove the stability part of Propo- 
sition [2l We focus on the case f{u) = for simplicity, the proof in the general case being 
exactly the same (see |I5] and |T8]). Moreover, by a scaling argument we consider only the 
case ci = 1, C2 = c, where c is small enough. 

In Section 3, we prove Theorem [3l First, we use the methods of localized Viriel estimates 
as in [H] to obtain the equivalent of (|1.7p for two solitons. Next, we prove (jl.l7p and (jl.l9p . 
The proof of Theorem [T] follows directly from the arguments of Section 3, thus it will be 
omitted. 

2 Stability for large time of 2-soliton like solutions 

Recall that we restrict ourselves to the case f{u) = (p = 2,3,4) and ci = 1, C2 = c small 
enough. Let 

1 1 

Tc = c 2 100, q= - -. 

p — 1 4 
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Denote for v £ if^(M), = (/jg + cv^(x)) dx) ^ , which corresponds to the nat- 

ural norm to study the stabihty of Qc- 

Proposition 4 (Stability of two decoupled solitons) There exists K > 0, oq > 0, cq > 

such that for any < c < cq, < a < oq, the following is true. 

Let u{t) be an solution of (jl.ip such that for some G M and Xq > Tc/2, 

\\u{ti)-Q-Qc{.+Xo)\\Hi <ac''+i (2.1) 
Then there exist functions Pi{t), P2{t) defined on [ti,+oo) such that 

sup ||u(t) - (Q(. - piit)) + Qe(. - p2itm\H^ < Kac'^+^2 +Kexp (-c~M , (2.2) 

yt>ti, I < p[{t) - p',{t) < I, 

|pi(ti)| < |p2(ti) - Xo\ < Ka. 

Proposition [2] follows immediately from Proposition U] with a = c^ {uj > 0) and a scaling 
argument. 

Remark. Note that the proof of Proposition [J] does not need any new arguments with respect 
to [H]. We only need to check that the argument of [18j still applies to the situation where 
one soliton is small with respect to the other. 

Since ||Qc||l2 = c''||Q||j;^2 (see Claim . the assumption (j2.ip does not seem optimal by 
a factor y/c. This is due to the fact that the appropriate norm for the stability of Qc is 

Proof of Proposition By time translation invariance, we may assume that ti = 0. Let 
Xq > Tc/2 be such that 

\\u{0) - Q - Q^{. + Xo)\\hi < ac''+^ . (2.4) 
Let Do > 2 to be chosen later, r = ^ and 

t* = sup ^t > 0\y t' £[0,t), 3pi,p2£R\ pi- P2> jTc 

and \\u{t') - Q{. - pi) - Qc{. - ps)!^! < I?o(ac«+5 + exp(-c-'^))}. 

Observe that t* > is well-defined since Dq > 2, (|2.4|) and the continuity of 1 1— > u{t) in H^. 
The objective is to prove t* = +oo. For the sake of contradiction, we assume that t* is finite. 

First, we decompose the solution on [0,t*] using modulation theory around the sum of 
two solitons (see proof of Claim [27T] in Appendix A.l). 

Claim 2.1 (Decomposition of the solution) For q > 0, c > small enough, indepen- 
dent oft*, there exist functions pi{t), P2{t), ci(t), C2{t), defined on [0,t*], such that the 
function r]{t) defined by 

r]{t, x) = u{t, x) — Ri{t, x) — R2{t, x). 
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where for j = 1, 2, Rj{t, x) = Qcj(i){x — Pj{t)), satisfies for all t £ [0, t*], 



Rjit)vit) = lix- Pj{t))R,{t)r,{t) = 0, j = 1, 2 

C2{t) 



HI + \ci{t) - 1| 



P2{t)\ + \Pl{t) -M<To, Pl{t) - P2{t) > \ + iTe, 



||r?(0)||Hi+|ci(0)-l| + c^ 



C2(0) 



<i^ac^+^, /9l(0)-/>2(0) > iTe, 



(2.5) 

(2.6) 
(2.7) 

(2.8) 



We define 

2 

■(/'(x) = — arctan(exp(— j;/4)), so that lim+ooV' = Oi lim_ooV' = 
vr 

Vx G M, ^/^(— x) = 1 — ^(x), •i/''(x) 
For m(t) = \{p\{t) + P2{t)), we set 



(2. 



T(t) = J u^{t)tp{x-m{t))dx, g{t) = J {ril{t,x) + {c + ^{x - m{t))) rj^{t,x)) dx. (2.10) 

Note that Tit) corresponds at the main order to the norm of the solution u{t) at the right 
of the slow soliton R2{t), and the functional g{t) corresponds locally to the norm adapted to 
each soliton. In particular, we have g{t) < \\r]{t)\\Hi. 

We expand u(t) = Ri{t) + R2it) + ri{t) in the three quantities / u'^it), I(t) and E{u{t)). 



Lemma 2.1 (Expansion of energy type quantities) For all t € [0,t*], 



'(t)-[cl^{t)+cl'^{t)) [q^- frj\t) 



< Ke-— 'exp(-2c-'^), 



I{t) - cl'it) j Q^- j V'mix - m{t)) 



< ire-^*exp(-2c-''), 



E{u{t))-\^E{R,)+E{R2) + \ j rg{t)-p{Rl~\t) + Rl'\t)) rf{t)^ 



< KDoia + exp{-^c~''))g{t) + Ke~~^ exp(-2c 



E{R,{t)) - E{R,m + 



cm 



cf{t)-cf{0) 



Mi 



' cfjt) 
cf(0) 



1 



(2.11) 



(2.12) 



(2.13) 



(2.14) 



Lemma l2.ll is proved in Appendix A. 2. In the rest of this section, we assume a and c small 
enough so that 



\\r,mHi + \ci{t) - 1| + |£2M _ i| + Do{a + exp(-ir)) < — 



100 



(2.15) 



We next obtain a contradiction from the following lemma. 
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Lemma 2.2 There exists Dq > such that for a,c > small enough, independent of t* , 

sup ||n(t) - g(. - pi{t)) - Q,{. - P2m\m < ^Doiac^^"^ + exp(-c-'-)). (2.16) 

If t* < +00, then Lemma 12.21 and the continuity in of u{t) contradict the definition of t*. 
Therefore, we only have to prove Lemma l2.2[ 

Proof of Lemma \2.2[ Step 1. Monotonicity result on T{t). 

Claim 2.2 (Almost monotonicity property of X ) For a and c small enough, 

VtG[0,t*], J(t) - J(0) < is:exp(-c-^-''). (2.17) 
Proof of Claim [27B . By standard calculations, we have 

I'{t) = -3 y ulij'{x-m{t)) - m'{t) j u^i^' {x-m{t)) + J u'^^j'" {x-m{t)) 

+ JiL f uP+^i;'(x-m(t)) 
P + '^ J 



< u>'(x-m(t)) + ^^-^ j uP+^ij'{x-m{t)) 

(we have used ijj' > 0, I^Mi and m'{t) > 2/5 by (lOl l. 

In the nonlinear term f uP~^^Tp' [x—m{t)), we expand u{t) = Ri{t) + R2{t) + ^(i)- We 
obtain 

uP+^i;'{x-m{t)) <K' j [rI'^ + RP'^ + |r/|P-i) xl,'{x-m{t)) 

<K'j u'^Rl'^^'{x-m{t)) + j u'^ip'{x-m{t)) 

for a and c small enough, since \\r] WlJ < K||ry||^i < Kc and < R?, < Kc. Moveover, by 
calculations similar to the ones of Claim lAlSl and ||ii||L°c < we have 

u^Rl'''^'4)'{x-m{t)) < ETe"^ exp(-c"3-''). 



Thus, for ah t' £ [0,t*], T{t') < Kce'ss exp(-c" 2-'"). Let t £ [0,t*]. By integration on [0,t], 
we obtain I{t) -X(0) < K exp(-c~^"'"). □ 

Step 2. Estimates on the scaling parameters. Let 



Claim 2.3 For all t G [0,t*], 

|Ai(t)| + c2'?+i| A2(t)| < K{g{t) + g{0) + exp(-2c-n). (2.18) 
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Proof of Claim W^ Since there are only two solitons, the proof fohows only from the norm 
and the energy conservation, i.e. (j2.1ip . (j2.13p and (j2.14p . (When there are more than three 
solitons, the use of quantities such as Z{t) is also needed, see ^S].) Let t G [0, t*]. 
From (|2.1ip taken at time and i, and / u^(t) = /u^(0), 



(2.19) 



|c?'^(0)Ai(t) +c^''(0)A2(t)| < ^ (/ ri\t) + j r?2(0) +exp(-2c- 

< -(5(i)+5(0)+exp(-2c-'^)). 
c 

Prom (1233]), E{u{t)) = E{u{Q)) and 

j vl{t) - P (i?r'(t) + Rr\t)) r^\t) < Kg{t), 

we have 

\E{Ri{t)) - E{Ri{0)) + E{R2{t)) - E{R2m\ < K{g{t) + g{Q) + exp(-2c-'-)). 
Then, from (12.14p . we obtain 

|c?''+^(0)Ai(t) + c^'?+^(0)A2(t)| < i^(g(t)+g(0)) + Af(t)+c2«+iA2(t) + Kexp(-2c-'-). (2.20) 
Multiplying (12.191) by C2(0) and combining with (j2.20p . from (12.15p . we obtain 

c?'?(0)(ci(0) - C2(0))|Ai(t)| < i^(5(t) + 5(0)) + A?(t) + c2'?+iA2(t) +ifexp(-2c-^'). 
By (|2.15p . we obtain 

|Ai(t)| < if(5(t) +5(0)) + A2(t) + c2'?+iA2(t) +ifexp(-2c-^). 
Using this estimate in (j2.20p . we obtain similarly 

c'^+'l A2(t)| < K{g{t) + 5(0)) + A2(t) + c25+iA2(t) + exp(-2c-'-). 
Therefore, for Ai(t), A2(t) small enough (by (j2.6p ). we obtain 

|Ai(t)| +c2'?+i|A2(t)| < i^(5(t) +5(0)) +i^exp(-2c-'-). 



□ 



Step 3. Main argument of the proof of stability. 
For t G [0,t*], as in [18] we set 



/^W T?l f^W , ^2(0) f 2u\ _L Cl(0) - C2(0) ^^^^ 

T{u[t)) = E{u{t)) + — — u {t) + I{t). 



The functional coincides in a neighborhood of Ri (respectively, R2) with the functional 
introduced by Weinstein in [22] to prove the stability of Ri (resp., -R2)- 
We claim the following result on the quadratic part (in rj) of J-{u{t)). 
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Claim 2.4 Let 



m = \jril{t) + [C2(0) + (ci(0)-C2(0))^(x-m(t))] r^\t) - p [R{-\t) + Rl-\t)) rf{t). 



There exists Aq > independent of c such that, for all t G [0,t*], 



\Qg{t) < H{t) < ^g{t). (2.21) 



See Appendix A. 3 for the proof of Claim [231 

On the one hand, using (|2.11|) - (|2.14|) . we obtain the fohowing estimate 

\Hu{t)) - Hum - {H{t) - Him < KDoia + eM-^'Didit) + 5(0)) 

+ KAfit) + Kc2«+^A|(t) + Kexp(-2c- 

By H{0) < Kg{0), we obtain 

\Hu{t)) - Hu{0)) - H{t)\ < Kg{0) + KDoia + exp(-ic-'-))5(t) 

+ KAlit) + i^c^^+i Ai(t) + K exp(-2c-"). 



(2.22) 



(2.23) 



On the other hand, by conservation of E{u{t)) and f u'^{t), and by the monotonicity of 
I{t) (see dHZD), we have 

T{u{t)) - T{u{0)) < i^exp(-c-5-^), (2.24) 
and thus by Claims 12.41 and 12. 3^ we obtain 

g{t) < ^H{t) < 1 {Hu{t)) - Hum + \Hu{t)) - Hum - H{t)\) 

Ao Ao (2.25) 

< Kg{0) + K[Do{a + exp(-ic-")) + Ai(t) + A2{t)]g{t) + K exp{-2c~''). 

For a and c small enough, g{t), Ai(t), A2(t) and D(){a + exp(— ^c"'^')) are small, and from 
(|2.8p . we obtain the following. 

Claim 2.5 

Mt)\\Hi < 9{t) < Kg{0) + exp(-2c-'^) < i^a^^^g+i + i^exp(-2c-''). (2.26) 

|Ai(t)| +c2«+i|A2(i)| < i^(5(t) +5(0) +exp(-2c-'')) < i^a^c^'^+i + exp(-2c-''). (2.27) 

C2(t) 



|ci(t) - l\+c'^^ 



< Kac''+^ +Kexp{-2c-''). (2.28) 



Note that follows from Claim O and ([226]). 

Now, we go back to u{t) to prove ()2.2p . From direct calculations (recall that HQcH/fi 
i^c'?+5) and (I2:28]l . we have 

||i?i(t) - Q(. - pi (0)11^1 < K\ciit) - 1| < Kac^+^ + exp(-2c-"). 
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\\R2{t)-Qc{.-p2m\Hl<Kc'^^'^ 
Therefore, we obtain 



C2(t) 



< i^ac'?+2 +i^exp(-2c-'^). 



\\u{t) - Q{. - pi{t)) - Q,{. - p2{t))\\Hl 

< \\u{t) - R,it) - R2{t)\\Hi + \\Rl{t) - Q{. - Pim\Hl + \\R2{t) - Qci- - P2(t))lbl 

< \\vit)\\Hi +i^ac«+5 +i^exp(-c-'") < Ki (ac'?+3 + exp(-c-'^)) , 

where Ki is independent of a, c and Dq. 
Choose now 

Do = 4Ki, 

and then choose a > 0, c > small enough, so that all the previous estimates hold. Then, 
for all t G [0,t*], we have 

||u(t) - Q(. - - - p2m\H} < \do (ac'?+^ + exp(-c-'^)) . □ 

3 Refined asymptotics for the 2-soliton structure 

We claim the following. 

Proposition 5 (Asymptotic stability) There exist K > 0, ao > 0, cq > such that for 
any < c <co, < a < uq the following if true. 

Let u{t) be an solution of (jl.ip such that for ^Tc < Xq < \Tc, 



\\u{iS) - Q - Qc{. + Xq)\\hi < ac'i+-2, 
so that Proposition^^ applies with pi{t), P2{t)- Then 

1. Convergence ofu{t). There exist c\,C2 > such that 

lim \\u{t) - Q + {x - pi{t)) - Q +{x - P2{t))\\m {x>ct /lo) = 0- 



(3.1) 



\cf - 1| < + exp(- 



-C 400 



< Ka + -fC exp(— c 



1 - 

400 



(3.2) 



(3.3) 



2. Assume further that f{u) = u^, for p = 2,3 or 4, and f Qx'^u'^{0,x)dx < Kq. Then, 



there exist xj^ and X2 such that 



lim pi{t) — eft = xf , lim p2{t) — C2t = X2 ■ 

t — >+oo t — >+oo 



In the case p = 4, if in addition, for some k > 0, 



a < Kc^ and 



x^ u^(0, x)dx < Kc 



x>j^\hic\ 



then 



\xt - piiO)\ < Kcs, \xf - P2i0)\ < Kci2 . 



(3.4) 

(3.5) 
(3.6) 
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Remark. To obtain the convergence of the translation parameters, one has to add an extra 
assumption on the initial data such as (j3.5p . Indeed, in the energy space, one can construct 
an explicit example where convergence does not hold (see [14]). Condition (|3.5|) is enough for 
our purposes and could be relaxed, and adapted for the cases p = 2,3. 

In what follows, we concentrate on the case f{u) = vP for p = 2,3 or 4. The proof of 
the asymptotic stability (part 1 of Proposition [5]) in the case of a general nonlinearity f{u) 
follows from [H] and [15]. Note that estimate (13. 3p is a direct consequence of (I2.28p . 

In the proof of Proposition [5l we need another proof of the asymptotic stability for 
f{u) = vP, for p = 2,3 or 4, which is derived from the direct arguments of [14]. The in- 
terest of this direct approach is to obtain an estimate on the convergence (see Lemma l3.ip . 
which is fundamental in proving the convergence of the translation parameters. For a general 
nonlinearity, this kind of property is open. 

Proof of Proposition O 

1. The argument presented now is very similar to [14J, proof of Theorem 1, Step 3. 
We keep the notation of the proof of Proposition [U in particular, the decomposition of u{t) 
introduced in Claim [2711 and the conclusion of Claim [231 Now, we prove that ci{t) and C2{t) 
converge as t — > +00, and that r/(t) converges to in H^{x > ct/W) as t ^ +00. 

We first control r]{t) around the solitons. 

Lemma 3.1 (Asymptotic stability locally in space) Let 

g^(t) = /(772+r/2)(t,x)e-il^-^iWldx, 52 (i) = I + cif){t,x)e-'^\''-P^^'^\dx. 



Then, 

f+OO 



^ (5i(t) + c5fi2(t)) dt < i^Q^c^^+i +Kexp(-2c-"). 

Proof of Lemma \3.1l The proof is based on a localized Viriel type estimate. Consider 
<I> : M ^ M be an even smooth function such that 

<^{x) = 1 on [0, 1]; ^>(a;) = e""" on [2, +00); 6""= < <^{x) < 3e"'', < on M+, 
*(x) = ^ ^iy)dy, Lo = ^Aix) = (^^) for A > 0, 

^jit,x) = (^\fW){x - Pjit))^ , ei{t,x) = ^i{t,x) + LoA, e2{t,x) =^2{t,x)- LoA. 

Remark that Qi > 0, Q[ > 0, lim_oo 9i = and 02 < 0, 02 < 0, lim+00 ©2 = 0. Let 

/Ci(i) = LoA J Rlit) + j eiit)v\t), /C2(t) = -LoA J Rl{t) + j Q2{t)ri\t). 

Claim 3.1 (Viriel estimate) There exist A > b, K > {), > Q and cq > such that for 
< a < ao; < c < Co and for all t G [0, +00), 

yf^)9,{t) < K (-|/C,(t) + e~iv^(*+^^)) . (3.7) 
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See the proof in Appendix B.l. Note that this result is very similar to Lemma 2 in [14]. In 
[14] ■ the identity was established in the case of one soliton. Here, to treat the two soliton 
situation, we have to use an additional term in /Ci(t), JC2{t). 

From now on, we fix A > 5 such that Claim [STD holds. Then |0i(x)| + |G2(x)| < K = K(A). 



From (|2:27D in Claim [231 and / • = cf{t) J Q"^, we have, for t > 0, 



|/Ci(t) - /Ci(0)| < K(|cf (t) - cl\0)\ + Mt)\\h + Wvmh) < K{a'c'''+' + exp(-2c-'-)), 

|/C2(t) -/C2(0)| < K{\cl''{t) - cl'^m + Umh + Il^(0)lli0 < K{a'c''^ + eM-2c-n). 
Therefore, integrating (j3.7p on [0, +oo) and using Tc = c^a^ioo, we obtain (r = -^), 

/ gi{t)dt < K{a^c^'}+^ + exp(-2c-^)), (3.8) 

r+oo 

/ Vcg2{t)dt < K{a^c^'i + exp(-2c~'')). (3.9) 
Jo 

Thus Lemma |3. II is proved. 

Now, we control the scaling parameters. Estimate ()B.4p and Lemma |3. II implv that ci{t) 
and C2(t) have limits as t — > +oo, which we denote respectively by and ■ By the stability 
result IHTM . 



\4 - 1| < i^(ac«+i + exp(-c-'')). 



- 1 



< /C(a + exp(-c"''")), 



Now, we extend the convergence of to in a large region in space, following the proof 
of Theorem 1 in [14j . We give a sketch the proof (see [T^, proof of Theorem 1, Step 3, for 
more details). 

From (j3.8p . (|3.9p (Viriel argument), there exists a sequence (t„) with tn G [n,n + 1) such 
that giitn) + g2{tn) — > as n ^ +cxd. Using 5j(t) < Kjgj{t) (by a direct computation using 
([BT]), ([121), ([El), we obtain limt^+oo(9i(t) + 52(t)) = 0. 

The rest of the proof is based only on monotonicity arguments on u{t) and Ux{t) such as 
in Claim [2?2| applied on different regions. Set 



Ia,yo{t) = j (<• + n2)(t,x)V'(^/^(x - f - yo))dx. (3.10) 
First, for xq > 0, let yo = Pi(*o) ~ f *o + a^o and a = 1. Using ^^^^^(to) — 2^(t,j/o(0)) obtain 

/ 9 9 ^0 

limsup / iVx ~^ V ){t-,x)dx < Ke~'^ . 

t^+oo Jx>pi{t)+xo 

Next, for yo = ^2(^0) - jto + xo, a = c, using X^^j^^ (to) -Xa,j/o(^o), with fto + yo = /Oi(*o) - xq 
(note that > -^to for to large), we deduce 

limsup / {rjx + cry ){t,x)dx < Ke~^^~^ . 

Jx>p2{t)+Xo 
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Finally, by applying another monotonicity argument for yo = and a = |c, we obtain 

lim / {r]l + r]^){t,x)dx = 0. (3.11) 

Estimate ()3.2p follows. 

2. Now, we prove the second part of Proposition [3 Assume that 

/ x'^ u'^{0,x)dx < Kq and 7o(a,c) = / ^ x'^ u'^{0,x)dx < 1. 

Jx>0 Jx>\ln{ac''+'2)\ 



(3.12) 



Note that ^ ^ 

Pjit) - PjiO) - cp = ^ (c,(s) - c+)ds + ^ (p;.(s) - c,is))ds. (3.13) 

To prove that Pj{t) — c^t has a limit as t ^ +cxd, we will study separately the existence of 
limits as t — > +oo of the two integrals above. 

2a. Preliminary : Monotonicity results on r]{t). We introduce monotonicity results on r]{t) 
(and not on u{t) as before) that are refinement of Claim [221 
We define, for j = 1, 2, 

Mjit) = I r?Vi, 

m = j 2^^.-^((i?i+i?2+ry)^+^-(p+l)i??^-(p+l)i?fry-(i?i+i22)^+^) V',, 

where iIji{x) = ip{x), x = x - pi{t) + ^{t -to) and ip2{x) = ilj^yfcx^, Xc = x- p2{t) + ^{t-to), 
for to >0 and ^^{x) is defined by (j2.9p . 

We claim the following monotonicity results (see the proof in Appendix B.2). 

Claim 3.2 For all t>to>0, 
J^{cl\t) j Q^ + Mi{t)^ <Ke~T-e(^-''')g^{t)+Ke-^2V-cit+Tc)^ 

d / 2g 



c?''+\t)+cr+\t)) 2^2(0 + Y^((c?^(t)+c^^(t)) JQ'+M^it) 



dt V 2g+l 

Remark. The improvement of Claim 13.21 with respect to the monotonicity on u{t) in Claim 
2.2t or Lemma 3 in [14] is that the upper bound can be integrated twice in time. 

Claim 13.21 is one example of monotonicity result on localized energy type quantities on 
?7(t). In Appendix B.2, we prove a slightly more general version of Claim [3^21 where x = 
X — pi{t) + ^{t — to) — xo, where < cr < ^ and xo G K, and we claim other monotonicity 
results to be used in this paper. 
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Let 

^2 I „2 



9i{t) = j {ill+if){t,x)i;{x-pi{t))dx, ~g2{t) = j [iil+c7f){t,x)i;{^c{x-p2{t)))dx. 

1 1^1 

Note that there exists K > {) such that ■0(2;) > 'k^~~ ^- Thus, we have gj{t) < Kgj{t). 
We have the following consequence of Claim 13.21 



Claim 3.3 (Control on the scaling parameters) For all t > to, 

|ci(t) -ci(to)| < K{~gi{t) + ~g,{to))+K f e-^^'^'' -'^^ gi{t')dt' + Ke-^^^<''^+^^\ 

Jto 

\cl''+\t) - c^'?+^(to)l < 2|ci(t) - ci(to)| + K{Ut) + Uto)) (3.15) 

+ Kci f e-'^^''-''^^g2{t')dt' + Ke'^2V-<to+T.), 
Jto 

Proof of Claim [Oi Integrating the conclusion of Claim [3^2] between to and t, we obtain 

cl\t) - c{\to) < -^{Miito) - Mi{t)) +K f e-U^'-'^^^gi{t')dt' + Ke~T2^<''+'^^\ 

J ^ Jto 

^ {c'r\t) - ^r\to)) - ^ {cl\t) - cl\to)) > {2S,{t) - 2^1 (to)) 



+ 



^ ^ (7Wi(t) - 7Wi(to)) -K i e-T6(^'-^''^gi{t')dt' - i^e"^^(*«+^^). 



100 /Q2 



to 



Since ci ~ 1 by ([235]), 7Wi(t) > 0, £i{t) > -Kgi{t) > -K' gi{t), and ,fi(to) < K~gi{to), 
-^i(io) < (to)) we obtain the first estimate of (jS.lSp . The estimate on |c2'^'''"^(t)— 02'^"''^ (to) | 
is obtained in the same way using A42(t) and <?2(i)- D 

We claim the following lemma. 
Lemma 3.2 Assume that (j3.12p holds. Then, 

/ gi(t)dt < iv:((ac'?+2)4 +7o(q,c) + a-4exp(-|c-^))), 

/ T T 1 3 1 1 

/ g2{t)dt < K{aici'^~» + Q^c^'^~2 + ^jo{a,c) + a" 4 exp(-|c~'")), 

JO 

lim t {r]l{t,x) +7]'^{t,x))il;{x - ^t)dx = 0. 

For the proof see Appendix B.3. Note that the proof is based only on Lemma 13.11 and 
monotonicity arguments such as Claim 13.21 We follow the same steps as in the proof of 
(|3.1ip . using quantities M.j{t), £j{t) instead of lo-^yo on the same lines. The proof of the 
monotonicity is the same as the one of Claim [ 

2h. Estimate on Pj{t) — . 
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Lemma 3.3 (Estimate on Cj{t) — c^) Assume that (j3.12p holds. Then, 
/ \ci{t) - cl\dt < K((ac''+2)4 + 7o(a, c) + a"4 exp(-c"'')), 

JO 

/ |c2(t) - c^\dt < K(a3c~i''~5 + Q2c~39-i + c"^^~^7o(a,c) + exp{-c~''')). 
Jo 

Proof of Lemma W^ Let t — > +oo in Claim [3T3l since Cj(t) — > and ^ 0, we obtain 

r+oo 

|c| -ci(to)| < i^5i(to) +if / e~T-,^''-'°^gi{t')dt' + Ke-^^<'''+^'^\ 

J to 

r+oo J- 

C2(to)| <i^|c+-ci(to)|+i^52(to)+i^c2 / e-'i6'(*'-*«)52(t')dt' + i^e-32v^(*o+rc). 



Thus, integrating on [0, +oo) and using Fubini Theorem, since g\{t) < Kgi{t), we obtain 



+00 



+ 00 



ci{t) - c{\dt < K / + i^Q~4 exp(-2c"'"). 



Similarly, 



'/ \c2{t) - c:^\dt < K / (gi(t) + g2(i))c^i + -?^a~4exp(-2c" 
JO Jo 

Thus Lemma 13.31 is a consequence of Lemma 13.21 □ 

Lemma 3.4 (Estimate on p'j{t) — Cj{t)) Assume that (13.12P holds. 

For j = 1, 2, ff^°°ip'jit) — Cj{t))dt is defined and 

(y9;(t)-ci(t))a!t 



+ 00 



(p'^it) - C2{t))dt 



< iv:((ac'?+2)8 +7|(a,c) +exp(-c-^)), 

, 7_1„|1 9_1 -i—l — lr, 

<if(a8c 4^+2 +a^c 2 4^ 

+ (c-'?+3 + a2c-«-t)7o^(a, c) + exp(-ic-^)). 
Lemma 13.41 is proved in Appendix B.4. Note that it makes use of the following functional 



Jj(t) = c. ^\t) I 7]{t,x) ( / Rj{t,x')dx' ) dx, 



(3.16) 



where Rj{t,x) = Qc-{t)ix — Pj{t)), which is an L^-type quantity, already introduced in [13]. 
For p = 3, another argument can be used. From Claim EH ^BJih . 

\p',{t) - c,{t)\ < Kg,{t) + Ke--s^<'+^^\ 

where gj{t) is defined in ()B.2p . By (j3.8p - (j3.9p . we obtain in this case: 

f+00 

{p = 3) / \p\{t)-ci{t)\+c2\p'2{t)-C2{t)\dt<Ka^c^'^+^ + Kcxp{-2c-'''). 
Jo 
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Such an integrability property cannot be proved from ()B.3P for p = 2,4, since we do not know 
whether or not J^°° gj{t)dt < +00. 

From (13.131) . Lemmas 13.31 and 13.41 it follows that for i = 1, 2, 



where 



Pj{t) — Cjt as i — > +00, 

\xt -pi{0)\ < K((ac«+5)i +^|(q,,c) +a-3exp(-c-'')), 

\xt -P2{0)\ < K(Qic-35+5 +aic-^^-i +0^0^59-5 +c-29-i^o(q,,c) (3.17) 



+ (c «+3+q;^c t)7(2(a,c) + a 3exp(-ic '")). 
3. Control of the shifts under assumption (|3.5p for p = 4. Now, we assume, for some k > 1, 



70 = 7o('^c^c) < 



u^{0,x)dx < Kc '-i. 



x>^\\nc\ 



(3.18) 



We apply the previous estimate with a = kc^ . Then, from (j3.17p . using q = in this case, 
we get 

-pi(0)| < Kci(5+i^+l) + ETct + Kc-T2 eyiY>{-\c-'')) < Kcl, |x+ -p2(0)| < Kc^, 
where the worst term in — P2(0)| is c^^'^~^7o(a, c)) < Kc^. 

A Appendix 

A. 1 Proof of Claim 

We first state a preliminary result. Recall Tc = c~ 2(^+100). For a,c > 0, we define 
U{a,c) =\u £ H^{R); 3ri,r2 G M | In - raj > ^T^ 



and 



u-Q{.- n) - (5c(- - r-2) 



HI 



(A.l) 



Lemma A.l (Existence of modulation parameters) There exists cq > 0, oq > 0, -ftT > 
and unique functions {ci,C2, pi, P2) '■ ^(oojCq) (0, +00)^ x M^, such that if u £ 
U{aQ,c.Q), and 

r]{x) = u{x) - Qciix - pi) - Qc-zix - P2), (A.2) 



then, for j = 1,2, 

j Qc, {x - Pj) ri{x)dx = j Q'^^ {x - pj) r]{x)dx = 0. 
Moreover, if u £ hl{a,c), with < a < a^, < c < cq; then 



(A.3) 



\v\\h^ + ki — 1| < Kac'', 



^-1 



< Ka, \pi - P2I > jTc- 



(A.4) 
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Proof. Let oq, cq > to be chosen later. Let < a < ao, < c < cq. First, let ri,r2 G M be 
such that |ri — > and consider 

V(a) = Vcr^Ma) = {ue i^^M), - Q{. - n) - Q,{. - r2)\\m < 20^?}. (A.5) 

Let V{a) = [0,a]2 x [-a,a\^ x V{a) cR^x H^R), 

Mo = (0, 0, 0, 0, Q{. - n) + Qe(. - ra)), and any M = {M, X2,yi,y2,u) € l^(a). (A.6) 

Let also 

Qi{x) = Qi+x^ci{x -n- c^yi), Q2ix) = Qc{i+X2){x - r2 - c~^y2), 
w{M) = c~'i{u-Qi-Q2), 

vi{M) = JwiM)Qi, U2{M) = c-'i j w{M)Q2, 
/xi(M) = jw{M)Q[, /X2(M) = c-('?+5) jw{M)Q'2. 

For any M G V{a), since J Ql = c^? / and /(Q;;)^ = c^^^+D J{Q'f, we have 

|z^i(M)| + \i^2iM)\ + |^i(M)| + |^2(M)] < Ka. (A.7) 



Claim A.l For any M G for any j, k = 1,2, j ^ k, 



oyk oXk 



(M) 



+ 



+ 



i\2 



+ 



oyk 



+ 



+ 



(M) 



< Keyi.Y>{-c~''). 



Proof of Claim \A.1\. The claim follows from elementary calculations similar to the ones in 
|18j . Appendix A. We give the proof of some of these estimates. First, note that 



Moreover, by Qc^ix) = ^Q{^/cox), we have (recah Qco = ^Qco + xQ'cg] 



We have 



Thus, 



dQcQ Q 
dcf) 



— ^ and thus 
2co 

dQi 



dco 



5 — p 



It*-) 



dXi 2(1 + Xici) 
5 — p 



4(p-l)^o 
Qi+Xici- 



4(p - 1) 



(1 + Xic^f^-' w{M) 



dQi 
dXi ' 
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and by ||?y||^2 < Ka and |Ai| < a, we obtain 



< Ka. 



Similarly, 

We have 
dQ2 



w{M) 



dQ2 



1 



8X2 2(1 + A2) 



Q 



From 



and IA2I < Ka, we obtain 



c(l+A2) 



wiM) 



and SO / ^Q, = (l + X,fi- 



dQ2 



Il2' 



5A2 
dQ2 



4(p-l) 



OAo 



L2 



< ^11^1122, 



aA2^ ^ 4(p-i) 



Third, we have 



dn2 
dy2 



(M) = -c-2,-i 1 + j 



9Q2 

5^2 



-2<7- 



But 



and so 



Moveover, 



Fourth, we have 



9y2 dy2 



9l^2 

dy2 



(M) = c 



-2g 



dy2 

dQ2 
dy2 



< Ka. 



Q2 + C-1 w 



dQ2 
dy2 



The first term in the right hand side is by parity, the second term is controlled by Ka. 
Finally, we check a different term: 

since = 0. By |J (52Q1I — -f^ exp(— 2c~'') (see proof of Claim lAl3] for similar estimates), 



dy2 

we obtain the desired estimate. 



□ 
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By Claim ETTl and ()A.7p . and {i^i,i'2, fj,i, ij,2){Mq) = (0,0,0,0), we apply the implicit 
fonction theorem to {i^i, 1^2, tJ-i, 1^-2) ■ there exists cq > 0, oq > (chosen independent of c, ri, 
r2) such that, if < c < cq, < a < oq, for all u G V(a), there exists Ai(u), A2(u), yi(u), y2{u) 
unique such that if M{u) = {Xi{u), X2{u),yi{u),y2{u),u), then 

i^i(M(n)) = U2iM{u)) = iii{M{u)) = /X2(M(n)) = 0. (A.8) 

Moreover, 

|Ai(u)| + |A2(u)| + |yi(u)| + |y2(n)| < Ka. (A.9) 

Now, we set 

ci(m) = 1 + \i{u)c'',C2{u) = c(l + A2(n)),yi(u) = ri + yi{u)c'i ,y2{u) = r2 + y2{u)c~^. 

For any u £U{a, c), there exist ri, r2 satisfying \ri — r-^ > ^Tc and \\u — Q{. — ri) — Q{. — 
'r'2)\\m < 2ac^. Thus ci{u),C2{u), pi{u), p2{u) are defined as before for such u. Uniqueness 
and regularity are consequences of the implicit function theorem. Note finally that ()A.9|) 
implies |ci — 1| < Kad^, \^ — 1\ < Ka and \xi — X2I > jTc. □ 

Proof of Claim [2A[ For t = 0, using assumption (j2.4p . we apply Lemma [A. II to n(0) with 
QC2 instead of a. We find pi{0), P2i0), ci(0) and 02(0) such that (|2.5p and (|2.8p hold. 

Forte (0,t*],bythe definition oft*, \\u{t)\\Hi < c'^\\u{t)\\Hi < -Do(a + exp(-c-'^)). 

We apply Lemma I A. II to u{t) where a is replaced by DQ{a + c~2 exp(— c"*")) which is small 
for a small depending on Dq. We obtain directly (I2.5p ~ (l2.6p . The estimates on p'i{t) and 
P2it) follow from the equation of ry(t) written in Claim 12. 1| see Claim IB. II below. Since 
p[{t) - p'2{t) > \ and /9i(0) - p2(0) > \Tc, we obtain ^J^. □ 

A. 2 Proof of Lemma 12.11 

First, we recall well-known identities related to Qc for f{u) = uP. 
Claim A. 2 (Identities for any p > 1) 

Proof of Lemma \A.Si These are well-known calculations. We have = Q — Q" and 
= g2 _ (g/)2_ Thus, by integration: 

Therefore, / Q^+i = / and j {Q'f = J Qp+^ - J = E_^J- q2 _ Moreover, E{Q) = 
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Since Qdu) = cp-^Q{^y) and Q' = ^ - |, we have 



j Ql{y)dy = c^^ I Q\V^y)dy = c"' J Q^. 



Similary, /(Q'J^ ^ ^2q+l J(g/)2 J qP+I ^ ^2g+l J Qp+1^ ^ C^'i+^E{Q). □ 

Then, we claim the following estimates (recall r = ■^). 
Claim A.3 For all t £ [0,t*], 

VxGM, Ri{t,x) < Kil^ix -m{t)); (A.IO) 

0< j Ri{t,x)R2it,x)dx < Ke-'^'^exp{-2c-^''); (A.ll) 

0< j Ri{t,x){l - ipix - m{t)))dx < Ke~^ exp{-c~^~''); (A.12) 

< y -R2(i, x)'ilj{x - m{t))dx < Ke'^^ exp(-2c-''). (A.13) 
Proof of Claim IX73[ First, note that since ci{t) > ^ and C2{t) > |, we have 
< Ri{t,x) < Ke-sl^-z'iWI, < R2it,x) < Ke-tl^-'^^WI. 

Proof of (lA.lOp . For x > m{t), we have ip^x — m{t)) > \ and so Ri{t, x) < Kip{x — m{t)). 
For X < m{t), by the definition of ^(x) and m{t) < pi{t), we have 

i?i(t, x) < i^e^(^-^iW) < i^e^(^-™W)+l(™W~''i W) < Ki:{x - m{t)). 

Proof of (fATB . We have 

< Riit,x)R2it,x) < ife-^l^-PiWIg-'^l^-^^WI 

< ETe-il^-^iWIe-'^'e-i^""' < Ke-il^-^^WIe-'^* exp(-2c-'-). 

for c small enough. Thus by integration in x, we obtain (IA.11|) . 
Proof of ([021) . For x > m{t) + | + ^T^, 

1 - V'(x - m(t)) < i^e-3(^-™W) < i^e"^ exp(--Lre), 

and so Ri{t){l - ip{x - m{t))) < iTe-^l^-^^WIe" ^ exp(-^rc). 
For x < m(t) + | + < /9i(t) - | - ^T^, 

i?i(t) < Ke-5l^-^iWI < i^e-il^-^iWIe-H exp(-^re), 

and < 1 — ^(x — m{t)) < 1. Thus, by integration in x and for c small, we obtain (|AT2|) . 
Proof of f03]) . For x < m(t) - | - ^T^, 

V'(x - m(t)) < i^ei(^-™W) < i^e"^ exp(-irc), 
R2{t)^{x - m{t)) < ETc'^+ie-'s^l^-^^WIg-^ exp(-^rc). 
For X > m(t) — | — -^Tc > P2(i) + | + ;^^c, we have 

R2{t) < ETc'^+ie-'^l^-^^WI < irc«+3e-^l^-^2Wlg-v^^g^p(_^g-2r^^ 
and < ■(/'(s; — m{t)) < 1. Thus, by integration in x and for c small, we obtain (jA.lSp . □ 
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Proof of Lemma \2.1\ Proof of (j2.1ip . From J Rj-q = 0, we have 

j u\t) = j Rl{t) + j Rl{t) + j if{t) + 2 j Ri{t)R2{t). 

Thus (j2.1ip is now a consequence of ([QT]) and = cf{t)jQ^ (Claim|X2]). 

Proof of (|2.12p . Using J Rirj = 0, we have 



T{t) = j v?{t,x)ip{x—m{t))dx 

Rl{t) + j Rl{t){l-xlj{x-m{t))) + j [Rl{t) + 2Ri{t)R2it)]ij{x-m{t)) 
2 / 7]{t)Ri{t){l-ip{x-m{t))) + 2 / r]{t)R2{t)i){x-m{t)) + / rf{t)ij{x-m{t)). 



Since ||f?(t)||L°° < 1, we can use estimates ()A.12p and ()A.13P to obtain (|2.12p . 
Proof of (j2.13p . First, we prove the following estimate : 

E{u{t))-\E{Rr) + E{R2) + \ j r^l{t) - p [R^-\t) + R^-'it)) v\t)^ 



(A.14) 



Let R{t) = Ri{t) + R2{t) (note that R^ < K{R\ + By expanding u{t), we have 

E{u{t)) = \j{R + v)l -^I{R + Vr^\ and thus 



E{u{t)) - !^E{R) - I {R" + RP)^+]^jnl- pRP- 
<K j (i?P-2|r?|3 + |r?r^) < j [r^-^ + RI-^) |r?|3 + j \r^\P+\ 
By estimates similar to (jA.lip related to the decay of Q and its derivatives, 

\E{R) - E{Ri) - E{R2)\ < i^e-'r* exp(-2c-^). 
Since R'- + R^j = Cj{t)Rj and / Rjr] = 0, we have by (IATTT]) : 

J {R" + RP)i] < J \RP-Rl-RP^\\r]\<Ke-'^'exp{-2c-''). 



Similarly, we have 



RP-^ - R\ 



< Ke 4 * exp(-2c 



Thus, we obtain (|Al4]) . 

Now, we continue proving (j2.13p by estimating f [Ri + R^ ^) \rj\^ + / Ir]!^"*"^. Let 



[3 = DQ{a + c 2 exp(— c '")) so that by 



HI < Kl3c'i. 



(A.15) 
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Note that (3 < D(j{a + exp{—^c ^)), for c small enough. We have by the Gagliardo-Nirenberg 
inequality: 



f +1 < K 



£-1 

4 



P+3 
4 



Since 0p = l + Tg,-g- =p-l{2q= ^g^) and using (lAl5]) . we obtain 



5-p 



P+3 

5-p 



P 5-p 



2g ' g 5— p 

P+3 



V 



(p-1)^ 



.2 \ / „2 



1 (p-l)^ 



Thus, 



In addition, from ()A.15p . 



Ik 



■2|^|3 



< K\\r]\\Loo / Rirf < Kp rfi){x - m{t)) 



Gathering these estimates and ()A.14p . we obtain (j2.13p (note that p>2). 
Proof of (f2l4]) . By Claim |A21 we have 



E{R,{t)) - E{R,m 



But since ^ = f±f , 



29+1 / 



P+3 

( 

5—p 



,(0) [c2«(t)-c2^(0)] 



2.+vnw ; 



cf{0) 



□ 



Thus (I2l4l) follows. 
A.3 Proof of Claim [2141 

The proof is based on the following well-known fact: There exists Ai > such that if v G 
H^{W) satisfies J Qv = J xQv = 0, then 



vl-pQf-^v^ + v'^ > Ai||t;||^i. 



It is similar to [18], Proof of Lemma 4. Set 

Ho{t) = I {vl + [C2{t) + ci{t)i;{x-m{tW - p{Rr' + H'f'W] 
Note that HQ{t) and H{t) are easily compared. Indeed, we have 

\H{t)-Ho{t)\< I [|c2(0-C2(0)| + |ci(t)-ci(0)-C2(0)|V(x-m(t))]7?2 



(A.16) 
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Let eo > 0. By (j2.6p . for a and c small enough, we have 

\H{t) - Ho{t)\ <eo [[c + ^(x-m(t))]r?2. 



Thus, it is sufficient to prove (|2.2ip for Ho^t) for some Aq > independent of c and a. 
First, we consider a function G C^(M), <I>(x) = < on R+, with 

$(x) = 1 on [0, 1]; = e"'' on [2, +oo), e""^ < $(x) < Se^'' on M+. 

Let ^*_b(x) = ^{^). We recall the following claim from [18], page 355 (and references therein): 
There exists Bq > such that, for all B > Bq, if v £ H^(R) satisfies J Qv = J xQv = 0, 
then 

J $b(x) {vl - pQP-\^ + v^)dx>^ J <^b{x){vI + v^)dx. (A.17) 

This result is a localized version of ()A.16p . and is easily proved by direct calculations. 

By a scaling argument, i.e. changing x into x^/c and using the definition of Qc, we have : 
If u G H^{]R.) satisfies J QcV = J xQcV = 0, then 

[ ^^ix){vl-pQP-^v^ + cv'^)dx>^ [ ^^{x){vl+cv'^)dx. (A.18) 
J 4 J 

Now, we consider rj as in the proof of Lemma 12.2^ i.e. satisfying the orthogonality con- 
ditions JrjRj{t) = JrixRj{t) = for j = 1,2. Let ^i{t,x) = ^B{x-pi{t)) and ^2it,x) = 
^ B_{x—p2{t)). We have 

Ho{t) = j ^2 (vl - pRl'^rl^ + C2{tW) dx + j (ril " pRi~^Tf + ci{t)rj^^ dx 
-pj RPf\l-^2W-p I R{-\l-^i)v^ 

+ ^2)ril + [(1 - ^2)c2{t) + (1 - $i)ci(t)V'(x-m(t))] if. 

Let A2 = min(^, \). Since 1 - $1 - $2 > 0, C2{t) > § and ci{t) > i, we have by fOTl) and 
(lATSj) : 

j ^2 (vl - pRl'^rj^ + C2{t)rj^^ dx + j {r]l-pR{~^r]'^ + ci{t)rf^ dx 
+ ^2)ril + [(1 - ^2)c2(t) + (1 - $i)ci(t)V'(x-m(t))] rf 

> A2 j {r]l + [c + i^{x-m{t))]ri^). 

Finally, since \Rl''^{t,x)\ < ii'ce"^l^'-''2(*)l and ^>2(x) = for |x - p2{t)\ < we have 

J Rl-\l - <^2W < Kce-'-^^ j rj' < eoc J if, 
for B large enough. Similarly, for B large enough, since e~2l^~^i(*)l < Kip{x — m{t)), we have 
i??"\l - $i)ry2 < Ke~^^ / V(2;-m(t))r/2 < eo / V'(x-m(t))r/^ 
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Therefore, for B large enough, we obtain 

This completes the proof of Claim 12. 4[ □ 

B Appendix 

B.l Proof of Claim [37T] - Localized Viriel estimate 

By explicit calculations, r]{t) satisfies 

m = {-Vxx-{Ri+R2+vr+Ri+R2)^--^Ri--^R2 + iPi-ci)Ri, + ip'2-c2)R2x, (B.l) 

ZCl /C2 

where Rj{t,x) = Qc^(t){x - Pj{t)) and Qdx) = + xQ'^. 

Step 1. Control of the geometrical parameters. 

Claim B.l Let 

g^{t) = j {rg + rf){t,x)e--^\''-P'^''^\dx, 52 W = j {rg + cif){t,x)e--^\''-P^'^'^\dx. (B.2) 
Then, for all t > 0, 

|(p;-c,)cf| <i^cf ^y^ + i^5j(i)+i^e-iv^(*+^^), (B.3) 

|(cf )'| < K^g,{t)+Ke--s^<'+^^\ (B.4) 

^ip'j - c,)cf Iq'-{p-3)I r?flP < Kgj{t) + Ke-'s^-dt+n) . (B.5) 

Proof of Claim\BJl Let (j, k) = (1, 2) or {j, k) = (2, 1). Since f QQ = 2q J and / QQ^ = 
0, 

= ^ l\Rj= f mRj - p'j [ vRjx + ^ I '/-J 



j vtRj - p'j j vRjx + ^ / "1^3 

Vxx + cjrj - pRPr^rj)Rjx - {p'j - Cj) j ijRjx + ^ j vRj (B.6) 

+ J [{Rj + Rk + vT -R^j-Rl- pR^^] Rjx 

—Q-^ y -R| — J RkRj + {p'k — Cfc) j RkxRj- 

First, we note that the first integral in (jB.6p is zero since C is self-adjoint and CQ' = 0. 
Second, we have ^\Rj{t, x)\ + \Rjx{t, x)\ < c^^+^e-v^l^"''^!, and / R] = cf JQ"^, f R]^ = 
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'^j ^ I Qx- Finally, since pi{t) — P2{t) > \{t + Tc), by the proof of Claim lA^ all the terms 
containing a product RjRk or their derivatives, are controlled by e~'^^^^~^'^''\ Thus, 

'{R.+'nY -R]-pRY\ 



Rjx 



Next, we note that 



\{R, + iiY - ii^ - pR]-\\ < K(|i?,r-2|r/|2 + l^l^'). 



and thus 



(cfy < i^(cf"^^|p;.-c,)i + i(cfri 



2gv 



/ ^2g-^|x-p,| 



We claim 



Indeed, first. 



+K j {\RjrM^ + \vnR3x\ + i^e-iv^(*+^=). 
j{\R,r\^ + m\Rrx\<K^jg,{t). 



\R,r^\R,,\7f < Kc] / 7?2e- V(-P.) < Kc]g,{t). 



Second (for p = 3 and 4), 



p-2 



where (j)j{x) = e 2~(^~P3\ Since cpjx = —^^4)j, we have 



(B.7) 



(B.8) 



(B.9) 



sup \rf{x)(t)j{x)\^ < 



X>pj(t) 



Thus, 



X>pj(t) 



<K T] 



X>pj{t) 



Vx(l>j + CjV 



<K{f rj'^(pj) gj{t). We obtain 



9,' it) 



< i^ci^~^+§ f / 7/2e-4^(^-P.)] ' gj{t) < Kc~^^^^^(^gj{t) < Kc^gj{t), 



p-2 
2 



using ||r/||j|^i < Kac'^. This proves (|B.9p . 

Therefore, using again < Kad^, for a small, 



i(cf)'i<K|p;.-c,|c;. 



.2g-Vc-(x-p,)\ +K^jgj{t) + Ke-l'^<^+^^\ (B.IO) 
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Using J r]{x — Pj)Rj = and J rjRj = 0, we have in a similar way 



d 



V{x - Pj)Rj = / Vt{x - Pj)Rj - p'j / v{x - Pj)Rjx + 



2c, 



ri{x- pj)Rj 



J i-r]xx + CjT] - pR^j ^v)iix - Pj)Rj)x - {p'j - Cj) j r]{x - Pj)Rjx 



I rj{x - p,)Rj + / {Rj + Rk + 7]^ - R] - R^ - pR^f'r] {{x - pj)Rj)^ 



+{Pj - Cj) / Rjx{x - Pj)Rj 



2cfc 



Rk{x - pj)Rj + (pfc - Ck) / Rkx{x - Pj)R 



From C{{xQ)^) = -2Q - {p - 3)Qp and (iROl) . it follows that 



{p',-c,)cf I Q'^-{p-3) I vH', 



<Kg,{t)+K{\p'^-c,\cf + c---\{cfy\ 



C ■ 



(B.ll) 



which implies by (jB.lOp and < Kad^, 

\{p',-c,)cf\ < i^cf + +i^e-iv^(*+^^). 

Now, inserting ()B.12p in (jB.lOp . we have the following estimate 

\{cfy\<K^g,it)+Ke~-s^<'+^^\ 

Finally, inserting ([BlS]) and ([Bl2]) in ([RTT]) . we obtain ([RS]) . 

^tep 2. Viriel identity in r] and conclusion of the proof. For w £ H^{W), define 

Hooiw,w) = ^J {3wl + w^-p{QP-^ - {p - l)xQ^QP-^)w^) , 

2{p - 3) 



(B.12) 

(B.13) 

□ 



wxQx 



wQn. 



Recall that the two quantities Hoo{w,w) and H^{w,w) were introduced in |TT] for a Viriel 
type identity. Here, by analogy, we define. 



Hjiv, V) = IJ (3??^$, + c,r,2$,. _ p{RP-'<^j -{p- l)^^Rj,R^-^)r^ 

2{p - 3) 



Hj{v,v) = Hj{ri,ri) 



where ^,{t,x) = £^j{t,x) = [^^i^ - Pj{t)) 

By straightforward calculations, we have 



ri^jRjx 



vR' 



d 



e,(t)7?^(t) + G,(0)(cf)' / Q 
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ld_ 

2di 



Therefore, by using the equation of r/, we have, for j ^ k, 



1 d 
2Jt 



1 



1 



H*{r],r]) + - I $,,,r/2 - - cj) / $,r?2 + -J- j (x - /5,)$,r/' 



4co 



+ 



where we have used 



{Rj + Rk + vT -R^'.-Rl- piif SJ {ejv)x 

2(p - 3) 



in 



- J {ri..+pR]-'v).Q,^ -^J = -Hjiv,v) + I I ^,x.r,^ " f 6,(0) / [R^'W, 

since = |:G, = c^.,- and Q,{t) = 6,(0) + 

From this identity, we claim 



Claim B.2 There exist ^4 > 5, kq > such that, for a small enough, and for all t > 0, 

-}Cj{t) < -Ko^ [ ivl + c,7?2)e-^l^-ftl + Le-'sV^(t+T^). (B.14) 



d_ 
di' 



By p.lSp and yl > 5, we have y^ci(t)/A < 1/4 and ^/c2{t)/A < ^/c/A and thus we obtain 
the conclusion of Claim 13.11 from Claim IB.2I 

Proof of Claim By [llj Proposition 6 and localization arguments as [13j proof of Propo- 
sition 6 (see also proof of Claim [23] in the present paper), there exists Aq > 0, Aq > 0, such 
that if yl > ^0 then 



(B.15) 



The claim means that all other terms in the previous identity can be absorbed by this term 
for some A> 5 for a, c small enough up to and error term of size e~8 



First, since ^irr 



jxx — A^^JJ 



$1, we have 



^jxxV 



- A^ ^ 



100 ^ 



(B.16) 



for A large enough. Now, A is fixed to such value. 
Next, we have from ||7?||//i < Kac'^ and (IB.3|1 
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^jT]^ < / 7y2g- — k-p,| < Kad^^j and / ^^rf < Ka^c 



-2 2g+| 



Therefore, 



Thus, for a small enough, \{p'j-Cj) J ^j7]'^\ < /(ry^ + c^r^^^g- — _^^g-g^{t+T,)_ 

By ||r/||j:^i < ifac'?, \ {x - pj)<^j\ < K, (iRil) . we have 



4^ / ix-pj}'^jr]' 



for a small enough. Thus 



3Ar 



Now, we treat £"2- First, all terms containing powers of Rk are controlled by Xe" s 

since Qj is exponentially small around Pk{t)- Therefore, we need only estimate terms of the 

form 

r G {2, . . . ,p - 1}, j i?f ^r?^(e,r/),. and j v''{OjV)x = ^ / ^^''^J- (^-17) 
For the last term in ()B.17p . we have, arguing as in the proof of ()B.9p . 



for a small enough. For the first term in ()B.17p . we integrate by parts, so that 

Finally, we treat all these terms similarly as in ()B.9p . so that, for a small enough, 
\E2\ < I inl + c,r^2)e-^l^-''^l + Ke-'sV^('^^^\ 

For E3, note that by ^B77\i . 

\E3\ 



< K 



+ K [ \Rj,\i\R,rY + \r,n 



For the first term, since \\Rj\\L2 < Kdi and ||r/||i2 < Kad^, we have / RjQjr]\ < Kac^'^, and 
so by ()B.4p . and arguing for the other term as for E2, for a small enough, we get 



1^ I < A^/^ 
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For the first term in E4, we proceed as for £"3. The last two terms in are controled 
by i^e~8 v^(*+^'=) since they contain products of exponentially decaying functions centered 
around Pj{t) and Pfc(t). Thus, 



2q+\ 



Since < K, WRjxWi'^ < -^"^i^^ Nlli^ < Kad^, we have |J < i^ac 

and then we obtain by (|B.5p 

for a small enough. Thus, the proof of Claim [B?2] is complete. □ 
B.2 Proof of Claim [3T2] — Monotonicity results on ri{t) 

In this appendix, we prove monotonicity results for quantities defined in rj(t). Claim \J72\ is a 
direct consequence of Claim [B?3l below for xq = 0. Recall that ^p{x) is defined by ()2.9p . 
For < to < i, 2:0 > 0, j = 1, 2, let 



where i)i{x) = i^{x), x = x — pi{t) + xq + ^{t — to), and -02(2^) = V'(a/c^c), = 2; — /'2(i) + 
xo + f (t - to)- 

For < t < to) a^o > 0, X = X — pi{t) — xq — ^{to — t), let 



1 



1 



{{Ri+R2+vy^'-{p+l)R^,r,-{p+l)RP7]-{Ri+R2y+') 



ipix). 



For to ^ f^c, let to = |to, and for to < t < to, let Xc = x — P2(t) — ao{to — t), where 
(To = (pi(to) - p2{to))/{to - to); note that j| < ^Jq < f by Let 

£iAt) = I lvl-^{{Ri+R2+vy^'-{p+m'^v-{p+miv-iRi+R2r^') i^iVcx^). 
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Claim B.3 Let xq > 0, to > 0. (i) For all t > to, 

j^^cl'^it) I Q^ + Mi{t)^ <Ke-^'^'-'''+^'>^gi{t)+Ke-^2^rcit+n)^ 
(-^q^^'W / Q' + 2£i{t) + -^(cl^{t) J Q'+M,{t) 

(^(cl\t) + cl''{t)) I Q' + M2{t)^ <i^e-^(*"*«)e-^-'"^g2(t) + i^e-i^v^(*+^=), 
c'r\t)+c'r\t)) jQ' + 2S,{t) + -^^i^{c\\t)+cl\t)) jQ'+M,{t) 



d_ 

It 



dt 

d ( 2q 



dt V 2g+l 
(a) For allO<t< to, 

(in) For all to < t < to, 
d_ 

m 



cl''{t) j Q^ + Mi,2{t)j <Ke-'#(*-*°)y^g2(t)+i^e-w(*-fo)gi(t)+E:e- 

< /<-e-*<'-'°)c*<,2(«) + A-e-<?<'-*'>9,(t) + Ke-k-^'^'*'^-> . 

Note that the monotonicity results on £j (t) requires the addition of some quantity related to 
A4j{t) (here the constant is somewhat arbitrary, any small fixed positive constant would 
work). See also Lemma 1 in [8] for similar calculations in u{t). 

Proof of Claim IKR We prove the part of Claim [R3] concerning Mi{t), £i{t), M-2{t), <?2(*)- 
The rest is proved similarly. 

Let X = X — pi{t) + a{t — to) + xq, where < a < xo > 0, t > to > 0. First, we compute 
^ / 'rf'{t)'4^{x) using the equation of r]{t) ( (jB.ip ). 



ld_ 

2dt 



rf^{±)= j rjt7]ijj{x) + {a - p[{t)) J rj^^'{x) 

j VxxxVi^ix) - j {{Ri + R2 + ilY -R{- R^2)xVi^{i) - ^ / RMi^) 
R2r]il){x) + {p'l - ci) / Rixrjil^ix) + {p'2 - C2) I R2xil'4^{x) 



2C2 

+ {a-p\{t)) 1 7?V(x). 
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First, - / VxxxV^'ix) = -i / vl^'ix) + ^ J rfil>"'{x) and so by < i^^', <\ andp^t) > f , 
we obtain similarly as for u{t) in the proof of Claim [2T2l 

r]xxxVi^ix) + {(7- p'lit)) I rfi)'{x) <-\ j vl'ip'ix) - ^ f rj^ip'ix). 



Note that by the decay properties of R2 and ifj, we have (see e.g. Claim lA^ 



+ 



R2xni>{x] 



+ 



Thus, 



Note that 



= - [{R, + r^yPr^, - {Rl),i^ = j {{R, + rjf - Rl)xV, 



{R{)xv 



and from ()B.7p . 



1(4')' J Q' < -ip'i - ci) / vRix + ^ / ^^i 



We obtain 



cl^t) I Q'+M^{t)^ <-\j ^li,'{x) -\j v'i;'ix)+Ke-'sV-<t+n) 



2dt 

+ I {{Ri + riY - R^Uil - i;{x)) + Riv{l - ij{x)) - {p[ - ci) J Ri,r]{l - ^l^{x)) 

Therefore, by (1 - ^(x))e~^/^(^~''iW) < Ke~i('^(*-*°)+^o\ 
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The proof is similar for Si{t), up to some additional algebraic cancellations. First, 

j^Si = J vtxVxHs^) - J vtiiRi + R2 + vf -Rl- Rimx) 

- J {{Ri + R2 + vY - pR{~\ - (Ri + R2Y)RiMx) 

- j {{Ri + R2 + riY - pRP-^ri - {Ri + R2f)R2t^{x) 



2 'Ix p+ 



j{{R,+R^+r^)P+^-{p+l)RPr] 



- (p + r/ - + R2r^')\ ^'{x). 

All terms containing R2, R2t are controlled by Ke~^^^^~^'^''\ Note that Ru = ^Ri — p'lRix- 
Thus, 

j/i < J Vti-Vxx -{{R1 + R2 + rif -Rl- Rl)i^{x) - j rjtVxi^'ix) 

{{R, + vT - pR^'v - - PiRix)m 

'Wx - ^((^1 + ' - (P + - ^'{x) + Ke-'sV-c(t+T.)_ 

Thus, using the equation of rj, we get 

-Vxx - {{Ri + R2 + vY -Rl- Rl?^\x) 



+ 



(^-piW) / 



dt 2 



- 2^ y Ri{-rixx - {{Ri + vY - Rl))m 

+ (pi - ci) J Rixi-Vxx - {{Ri + vY - RlWix) 

+ J iVxx + {Ri + vY - R^i)xVx4''{x) + RiVx4^'{x) - {p[ - ci) J Ri^ri^iP'ix) 

- J {{R, + vY - pR^'v - - PiRixM^) 

First, terms containing '^'(x) and Ri are all controlled by ife~5('^(*~*o)+^o)gii(t). Second, we 
note that 

J VxxxVx4>'{x)+p J rilrf'^'4)'{x) + {a - p'l) j ^rjltp'ix) <\J vli^"'{x)-^ J rjl^' {x) < 0, 

by V'" < nV''> 3 < pi - < 2 and the fact that pj \r}lrf-^\'^'{x) < K\\rif~,^ J rjlijj'ix) < 
H / for small enough. 
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Therefore, 



at p + l J 2ci J 

+ (Pi - ci) J Rixi-ri^x + ciT] - pR{-\)iP{x) + cij Ri.iiRi + iif - pR{-\ - i??)V' 

Using the fact that CQ = —2Q and CQ' = 0, {Ri'4})xx = Rixxip + 2Rixip' + Ritp" , we obtain: 
j^£i<^l |r/r+V'(5) + ^ci I - ci(p; - ci) I vRi.4^ 



Using dEB and (1 - ^(x))e^\/^(^-^iW) < Ke-i('"(*-*o)+^"\ we obtain 

at 2 y P+l J 

Since ci(c?^y = 2|fT(c?''')'' ^nd ^/|ryrV'(x) < K|ry||^- V ^'^'(^) < 4So/^V(x) for 
a small enough, by (jB.lSp . we obtain: 

Thus the claim is proved for £i{t). 

For Al2(0 and S2{t), the proof is the same. For example, we have, for t > to, 



M2{t) < J {{Ri + vT - Rlhvii - i^iVcxc)) + 1 ((i?2 + vT - - i^iVcxc)) 



2di 



- {p'l - ci) j RixVi'l - V'(\/cXc)) - {P2 - C2) J R2xr]{l - V'(\/cXc)) 

by Claim EH (as in the proof of Claim ES]), i?i(l - V(\/c5c)) < Ke-W2^(t+^-) and i?2(l - 
B.3 Proof of Lemma [372] 

We follow similar steps as in the proof of (j2.5p . using monotonicity arguments on r]{t) instead 
of 
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(i) Estimate in the region x > pi{t) + xq. We claim, for all xq > 0: 

f+OO p 

{r]'^{t, x) + rf'{t, x))iIj{x — pi{t) — XQjdxdt 

(B.19) 

< i^(Q2c29+i ^ + exp(-2c-^)) +K x^u^{{), x)dx. 

J x>xo 

Let us prove (jB.lOp . By Claim lR3| using the estimate on ^-Moit) and integrating between 
and to, we get the estimate: 

ri'^{to,x)ip{x - pi{to) - xo)dx < / r]'^{0,x)il;{x - pi{0) - xo - ^to)dx 

to ^ . . (B-20) 



^0 



Note that by Fubini Theorem, |pi(0)| < 1, the expression of V O), and ||r?(0,x)f < 



+ 00 



r]'^{0,x)'ip{x- pi{0)-xo-^t)dxdt = 2 J 7]'^{0, x + pi{0) + xq) (^j dx 

< Ca^c^"^^^ +K I xry2(0, x)dx. 

J x>xn 



Next, by Lemma l3.ll and xq > 0, 



+00 /■*() /■+00 / p+co \ 



JO 



< 16 / gi{t)dt < K{a'^c^^+^ + exp(-2c-^)). 
Jo 



Finally, by e~^^^+'^'''^~T(i''odt < exp(-2c-'') and integrating (lR20l) for to S [0,+oo), we 
obtain 

/ rf{t,x)ij{x - pi{t) - xo)dxdt < I x?7^(0, + 7^(0^0^"+^ + exp(-2c"'')). 

J x>xo 

(B.21) 

To control /o^°° / x)V'(2; — — xo)dx(it, we use the same argument on <5o(t). First, 
we claim as a consequence of a standard argument (Kato's identity) applied to the equation 
of r]{t) that there exists < t < 1, such that 

/ x{'nl + ri^){t,x)dx < Ka^c^''+^ + K x^ri^{0,x)dx. (B.22) 

J x>0 J x>xo 

Indeed, let A > to be fixed large enough and I{t) = j 7f{t,x) {j^^^ ^"(/^oo ^)^'^) 
Then, by the equation of rj (jB.ip . for some > 0, 



cx — Xt—xo p rx—Xt—XQ 



1 rU.^ / 3 



00 

x—Xt—XQ 1 p px—Xt—XQ 



00 
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hyip' <\ V (from (I23j)) and choosing A > + Thus, /J / {rjl + rf) J^J^ ^dxdt < 
2/(0), and there exists t £ [0, 1] such that 



x—pi{t)—xo /• /-x—Xt—xo 

ipdx 



/l-x-pi(t)-xo r r 

ivl + ri^m J ^dx<K j {r,l + v^){t) J 

< KI{0) < Ka^c^'i^^ + K I x^'n^iO, x)dx 

J x>xn 



(B.23) 



I X>Xq 

By ClaimEl LemmaEH (|B:2T]1 and ||r?(t)||Hi < Ka'^c^i+^ for t G [0,1], we obtain 

+00 r- c 

I 'r]^{t, x)ip{x — pi{t) — XQ)dxdt < / / 'r]'^{t, x)ilj{x — pi{t) — XQ)dxdt 
J Jo J 

+ 2j_ So{t)dt + Kj_ j rf{t,x)ij{x- pi{t)-XQ)dxdt (B.24) 
<K j {rii + ri^){lx + pi{t) + XQ)(^j f^x + /^(a^c^^+i + exp(-2c-")). 
Prom (|B.23p . we obtain, for all xq > 0, 



+00 /• 

/ (?7^(t, x) + rfit, x))ip{x — pi{t) — XQ)dxdt 
< K{a^c^'i+^ + exp(-2c~'^)) + K j x%2(0, x)dx 



(B.25) 



Since ??(0,x) = n(0,x) - Qci(o)(2; - Pi{^)) - Qc2(o){x - P2(0)), and pi(0) - p2(0) > rc/4, 
(I2T^ . we have 



X 7] {0,x)dx 

x>xo 



<K j x\\0,x)dx + K [ x\Ql^^-^{x - pi{0)) + Ql^^^ix - p2m)dx 

J x>xo J x>xo 

<K I x^u^{Q, x)dx + K{{xl + 1)6-2^^^0 + exp(-2c-'')) 

J X>XQ 

<K I x2u2(0,x)dx + is:(e-i^» +exp(-2c-^)). 

J X>Xn 



I X>Xq 

Thus, (|B.19p is proved. 

(ii) Estimate of gi{t). We claim 

" + 00 



/ gi{t)dt<K{{ac'^+2)4+jQ{a,c) + a—ieM-h~l)^ (^-27) 
Jo 

where 7o(a, c) = f „, i x'^u^iO, x)dx. For xn > 1 to be fixed later, we observe that 

< tlj{x) — '4){x - xo) = / {s)ds < K e 4, ds < Ke 4 e 4 . 



X — XQ JX — XQ 
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Thus, 

gi{t) <Ke^gi{t) + j (4 + r]'^)it, x)^{x - pi{t) - xo)dx. 
Therefore, it follows from (|B.19p and Lemma |3. II that 

r gi{t)dt < K (e^a^c^''+^ + e-i''A + K [ x'^u'^{0,x)dx + Ke^ expi-lc'"^) 

Jo ^ ' Jx>xt) 



We obtain (|B.27p by choosing xq = | ln(ac'^^ 2 
( in ) Estimate of §2 (t) . We claim 

'+00 

10 



r+°^ 7 7 1 3 1 1 

/ 52(i)di <i^(a4c4'?-8 +a2g2'?-2 +i7o(a,c) + a"4exp(-|c"''). (B.28) 
Jo 



We estimate separately g2{t)dt and g2{t)dt. For the first integral, we use g2{^) < 
||r/(i)llii < i^a^c^e+i +Kexp(-2c-'-) by (g^SD- Thus, by < c-^(i+'?), 

f^^^ h{t)dt < — TcO^c^^+i < Ka^cf^-^ +Kexp(-2c-'^). 
Jo c 

Now, we use Claim [B?3l By integration in time on [|to)*o] of the estimates of ^A^i,2(i) 
and ^fi,2(t) and using <fi,2(t) + ci(|to)-A^i,2(i) > -^hi^) (see Claim [23]), and then Claim 
I3.3t we obtain 

52(^0) < Kgiilto) + K\ci{to) - ci{to)\ + K J'^' (e-'#(*«-*)ci52(t) + e" « W) dt 

< K{~g,{lto) + ~gi{to))+K r (e-'#(*«-*)ctff2(t) + e-^(*-*«)5i(t)) + i^e" 3^^^(*o+^^). 

Integrating in to on [fTc, +00), we get {i = |t) by Fubini Theorem, 

/ g2{t)dt< / gi{t)di+K / gi{t)dt + K / 52(t)c2 e~Tr (*«-*) dtodt 

Jfr, c JTe Jt 

+ K I gi{t) I e~il(*~i*o)dto(^i + i^exp(-2c-'^) 

JTc Jt 

r+oo r+00 

<— gi(t)dt + K g2(t)dt + K eM-2c-n 
c Jo Jo 

< ^{{ac^+^y^ + jo{a,c)) + Ka'^c^'^-^ + Ka-'* expi-^c-'), 
by (lK27l) and Lemma [O Thus, (|B?28]) is proved. 
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(iv) Pointwise estimates. Now, we claim pointwise estimates, useful for the proof of 
Lemma [32 



lim t{gi{t) + g2it)) = 0, lim t {r]i{t,x) + r]\t,x))i;{x - ^t)dx = 0, 



10' 

" + CXD 



r+oo 

Vt>0, tgi{t)<K gi{t)dt + Kex.p{-2c-''). (B.29) 
Jo 

r+oo r+oo 

tg2{t)<K g^{t)dt + — gi{t)dt + Kex.p{-2c-''). (B.30) 
Jo c Jo 

We check the estimate for gi{t), the other estimates follow from similar arguments. 

Let ti < to < t < 2ti. Integrating the conclusion of Claim ISTT] between to and t, we get 

Mi{t) - Mi{to) < (cf (to) - cl'^it)) I Q^ + K f e-Te(i'~''>^gi{t')dt' + Ke-^^<'°+''^\ 

J J to 

2£i{t) - 2£i{to) + tm(-^i (*) - ■^i(*o)) <K f e'U^'-'^^^ g,{t')dt' + K e' ^^V-cito+T.) 

Jtn 



+ 



Since 



-^(c?''+^(to) - c'r\t)) + ^oi^'ito) - 



c{'^\t) - cf^\to) - ^ci(to)(cf (to) - cf (t)) < K\ci{t) - ci{to)\\ we obtain 

Si{t) + ci{to)Mi{t) < £i{to) + ci(to)7Wi(to) + K\ci{t) - ci(to)P 
+ K f e"^ <7i(t')dt' + Ke-3^^(*«+^=). 

Jto 

Thus, by Claim ESI 

£i{t) + ci{to)Mi{t) < £i{to) + ci(to)7Wi(to) + Kgl{t) + K gl{to) 

+ K f e-ii(*'-*n)(7i(t')dt' + A'e-^v^(*°+^-). 
Jto 

We clearly have <?i(to) + ci(to)7Wi(to) < i^^i(to) and by a variant of Claim [27il there exists 
kq > such that £i{t) + ci(to)A^i(t) > kq f{r]l{t,x) + rf'{t,x))'4}{x)dx > ^gi{t). Thus, we 
obtain 

i-t 

~9i{t) <K~gi{to)+K / e-iii(*'-*«)gi(t')(it' + Ke-^v^(*»+^=). 
Jto 

In particular, taking t = 2ti and integrating in to G [ti, 2ti], we obtain 



ii5i(2ti)</ ~gi{t)dt + K / e-w^* -*o)5i(t')dt'(ito + Ktie-32 v^(ti+T,) 

^ £1 J t l J tQ 

r2ti ^ 
<K gi{t)dt + Ktie-32Vciti+Tc)_ 

Jti 

Since /q^°° gi{t)dt < +00, we obtain limj_++oo i5i(i) = and the estimate on tgi(t). 
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B.4 Proof of Lemma [3.41 

We claim the following preliminary result on Jj{t) defined in (|3.16|) . 
Claim B.4 (i) Equation of Jj{t): 



2{p - 1) 
5 — p 



2{p - 1) 

+ K [l + ac"-i'i + 0-9-370^(0, c) + a-l exp(-ic-'') ) c-%2(t)- 



(B.31) 



(a) Estimates on Jj{t): 



I Ji(0)| < K((ac9+2)8 + (c,, c) + exp(-c-^)), 

|J2(0)| < K(aic-39+^ +c-9+37|(a,c) +exp(-ic-'-)), 
\Ji{t)\ + \J2{t)\ ^ as t^ +00. 



Assuming this claim, we finish the proof of Lemma [3.4[ Integrating ()B.3ip in t on [0, +cxd) 
since | Ji(t)| + | J2(t)| — > as t — > +00, and using Lemma [3TH we obtain 



+00 



ip[{t) - Cl{t))dt 



+00 



(p'^it) - C2{t))dt 



r+00 

<K\Ji{0)\+K gi{t)dt + K e^p{-2c- 
Jq 

< if((ac'?+5)i +7|(a,c) +exp(-c-")), 

"+00 



< K\J2{0)\+Kc-^- 



gi{t)dt + Kexp(-2c 



+ K (1 + ac 49-i-c 1 A^^[a,c) + a s exp(— 



1 „-T^ 



'2q 



+00 



g2{t)dt 



7 1 „ I 1 



<K{asc 49+2+0^0 2 + (c ^^i+q^c ^ 4 )7q2 (q,^ c) + exp(-ic '')). 

Proof of Claim B.4\ (i) Equation of Jj{t). We compute the time derivative of Jj{t): 

Jj{t) = cj^^it) 1 7]{t,x) ( I Rj{t,x')dx'j dx, (B.32) 



where Rj{t,x) = Qcj(t){x — Pj{t)). The argument is the same as in the proof of Claim IBTTI 



Let (i, k) = (1, 2) or (j, k) = (2, 1) and Q = -^Q + xQ', Rj = cf' {t)Q{y^{x - pj{t))). 
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Then, 
d_ 



2q^ Jj + Cj- - / {-rj^x + CjT] - pR^- ^r])Rj - {p'j - cj) I rjRj 



+ / {{R, + Rk + vT -R]-Rl- pRY\)Rj I Ri I Rj-^ I R2 I Rj 



Cl 



c'2 



C2 



ip[ - Cl) / RiR, - (p'2 - C2) / R2R, + 1^ h ^. 



2ci 




Note that CQ = -2Q, and thus fi-rj^x + cj-q - pR^- ^r])Rj = -2/ r]Rj = 0, / RjR 



' -1 / „ 

in the proof of Claim IB.ll we obtain 

-(p;.(t)-c,(t)) / 



W^cffQ^ jR,r-ooR^ = -^r '^ (IQ)'^ and finahy fR.H^R^ 



J'{t)+ '^"^^ "'^^^ 



< Kc 2^p-i . As 



2{p - 1) 



< K 



Cj2 _^ g-|v^(«+Tc) 



where hj{t) = J x)\ i J^^ e ^I^'-Pj WIdx' J dx. 

Using Claim [BTTl we obtain 



< K cj"^gj mi + c-^+4/i^.(t)) + ^-^g,(t) + e 



(B.33) 



(ii) Estimates on hj and Jj. We begin with the estimates at t = 0. First, by Cauchy-Schwarz 
inequality, |/0i(0)| < 1, and for xq > 1, we have (x+ = max(x,0)) 

\Jim' < KhliO) < K (^1 \r,mijy < K r,\0,x){l + xl)i,{x)dx^ (^J j^dx 



< Kx'o\\ri{0)\\l2 + K / x'ri'{0,x)dx. 

J x>xo 

Choose xo = |ln(Qc'?+^)| so that by ||r/(0)||i2 < Kac''+^, (jEM]), we obtain |Ji(0)|^ < 
i^:((ac'?+§)i + 7o(a,c) + exp(-2c-'')). 

Next, by considering the three space regions x < P2(0), P2(0) < x < pi{0), pi(0) < x, 
with pi(0) - p2(0) < 2Tc, we have 

c'"-^ |J2(0)| < Kh2{0) < i^(c-i ||r?(0) 11^2 +ri||77(0) 11^2 +/ii(0)). 
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— OO J —CO 



By c'^ p-i = c^-i and h(0)||j:2 < irac«+^, we obtain (using tJ < irc"3(^+^)), 

|J2(0)| < Kc-«+3(ac-i(i+9)c'?+5 +alc^+i^ + (a, c) + exp(-c-'^)) 

< ii:c-'?+3(acl«+i +aic^+i^ +7|(a,c) +exp(-c-'^)) (B.34) 

< K{aic~i^'i + c~'^^^"fQ[a,c) + exp(— c~^')). 

Now, we prove estimates on hj{t) to be inserted in (|B.33p . By the properties of V', 

hl{t)<Kjrf{t,x + pi{t)){l + x\)^{x)dx<Kjif{t,x + pi{t)){[ [ dx. 
By estimate (]B.20p and Lemma 13.11 for any to, xq > 0, we have 
r]'^{to, X + pi{to))ip{x - xo)dx 

< J 7]\0, X + pi{0) + ^to)i^{x - xo)dx + ^ " e"i^(*°~*+^o)5i(t)dt + i^e" 

< r]'^{0,x + pi{0) + ^to)ip{x - xo)dx + Ke~^ (e~32a^c'^i + sup 5i(t) + e" 

<e[fto,to] 

(B.35) 

Note that /o+~/+°°V'(x - xo)dxody = J+°^ J^^^ ^Pis')ds'dy = J^^ J^^ijis')ds'ds. Thus, 
by Fubini Theorem, integrating ()B.35P in xq on [y,+oo), for y >0 and then integrating in 
y G [0, +00), we obtain 

7]\to,x + pi{to))( [ I ip\dx< l\\0,x + pi{0) + ^to)( [ I Adx 
\J —00 J— 00 / J \J —00 J —00 J 

+ i^(e-iaV+i+ sup 5i(t) + e-^(*°+^^^). 

Therefore, from the assumption on ti(0), it follows that Ji(t) — > as t ^ +00 and for all 
t > 0, hx{t) < K. Estimate (i) for J[ then follows from (iR^Sl) . 

Now, we estimate h2{t). As before, since pi{t) — P2{t) < K{t + Tc), 



^(to+Tc)--r^a;o 



-^(io+Tc) 



/i2(t) < i^c"4||ry(t)||^2 / \r]{t,x)\dx + Khi{t) 

J P2{t)<X<pi{t) 

< K(^c--^\\vmL2+c-kt + Tc)^^VMt) + Mt)) ■ 

By Lemma l3.2( we obtain that h2{t) ^ as t — > +00. Moreover, by the estimate on hi{t), 
c~^\r]{t)\\L2 < Kac'i--i, and (fRMI) . we have 

h2{t) <k(i + ac'i--^ + -i=(t + re)5 

<Kil + ac^'i-\ + 52(t)dt) ' + i ' + exp(-c-'-) 
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Thus, from Lemma 13.21 and —q + | > (p = 2, 3, 4) we obtain 

c"'?+t/i2(t) < K ^l + ac"t +€"""371(0,0) +a-iexp(-ic~'')^ . 
This estimate, inserted in ()B.33p . gives (i) for Jg. 
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